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Accurate simulation of the finite density lattice Thirring model
Jarno Rantaharju1⋆
1Duke University,
Abstract. We present a study of the finite density lattice Thirring model in 1+1 di-
mensions using the world-line/fermion-bag algorithm. The model has features similar to
QCD and provides a test case for exploring the accuracy of various methods of solving
sign problems. In the massless limit and with open boundary conditions we show that
the sign problem is an artifact of the auxiliary field approach and is completely elimi-
nated in the fermion bag approach. With periodic boundary conditions the sign problem
is mild in the fermion bag method. We present accurate results for various quantities in
the model that can be used as a benchmark for comparison with other methods of solving
sign problems.
1 Introduction
In lattice field theories with finite chemical potential, Monte Carlo methods are often hindered by the
sign problem. The partition function may not be strictly positive and cannot be interpreted as a prob-
ability density. The problem is encountered in QCD, among other models. Several general methods
for solving sign problems are currently being studied, including the complex Langevin method and
Monte Carlo simulations on Lefschetz thimbles.
In order to verify the accuracy of these methods, it is necessary to compare them to accurate data
in models where the sign problem can be solved. Several exactly solvable one dimensional models
have been used for this purpose. [1–7] Two dimensional models offer more complex test cases that
can more accurately represent the complex physics of target models, but may not be easily solvable.
The Thirring model in 1+1 dimensions provides a physically significant test case with features
similar to QCD. The model was studied in [8] using a holomorphic flow to produce an integration
contour similar to Lefschetz thimbles. It is asymptotically free and has a well defined continuum
limit at the Gaussian fixed point. It includes a massless boson and a fermion with a dynamically
generated mass, reminiscent of the pions and baryons in QCD. However, these features do not result
from a spontaneous symmetry breaking as in QCD. Spontaneus breaking of continuous symmetries is
forbidden in two dimensional systems. Instead the model is critical at the massless limit [9].
We use the fermion bag algorithm [10] to simulate the massless 1+1 dimensional Thirring model
and provide benchmark data on the fermion number at finite density. We show that the sign problem
is absent with open spatial boundary conditions using a world line representation. The world line
representation also provides an efficient worm algorithm for producing fermion bag configurations.
Using open boundary conditions, we provide data with large lattice sizes and study critical scaling in
the model.
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Figure 1. A diagrammatic representation of a possible fermion bag configuration. Occupied dimers dx,ν = 1 are
represented as blue bars covering sites x and x+ νˆ. The configuration consists of two fermion bags, isolated from
each other by the dimers.
2 Numerical Studies
The massless staggered Thirring model is defined by the action
S =
∑
x,y
χ¯xD
KS
x,y (µ)χy − U
∑
x,ν
χ¯xχxχ¯x+νχx+ν (1)
DKSx,y (µ) =
1
2
ηx,νe
µδν,0δy,x+ν −
1
2
η†x,νe
−µδν,0δy,x−ν, (2)
where µ is the chemical potential. The action can be expressed equivalently using an auxiliary gauge
field Ax,µ
S =
∑
x,y
χ¯xDx,y(µ)χy +
∑
x,ν
NF
g2
(
1 − cos Ax,ν
)
(3)
Dx,y(µ) =
∑
ν
ην
2
(
eiAx,ν+µδν,0δx+ν,y − e
−iAy,ν−µδν,0δx−ν,y
)
(4)
This form of the action was used in [8]. The coupling g is related to U as
U =
1
4

I0
(
NF
g2
)
I1
(
NF
g2
)

2
−
1
4
, (5)
where I0 and I1 are modified Bessel functions.
2.1 Fermion Bag Representation
The weight of a configuration of fermion fields is given by the partition function
Z =
∫
dχ¯dχe−S (6)
The fermion bag [10] representation is found be expanding the partition function
Z =
∫
dχ¯dχe−
∑
x,y χ¯xD
KS
x,y (µ)χy
∏
x,ν
(1 + Uχ¯xχxχ¯x+νχx+ν) (7)
=
∑
[d]
UNd
∫
dχ¯dχ (χ¯xχxχ¯x+νχx+ν)
dx,ν e−
∑
x,y∈[ f ] χ¯xD
KS
x,y χy , (8)
where dx,ν is a new dimer variable that takes values 0 and 1, [d] is the set of possible dimer config-
urations and [ f ] is the set of sites not occupied by a dimer. An example configuration is shown in
Figure 1. Each dimer occupies two sites, x and x + νˆ.
It is now straightforward to integrate over the fermion fields on occupied sites
Z =
∑
[d]
UNd
∫
[ f ]
dχ¯dχe−
∑
x,y∈[ f ] χ¯xD
KS
x,y χy (9)
=
∑
[d]
UNd det (W([ f ], µ)) , (10)
where the matrix W([ f ], µ) is constructed out of the fermion matrix DKS (µ) by projecting to the space
of unoccupied sites [ f ]. The weight of a given configuration of dimers is then
Z([d]) = UNd det (W([ f ], µ)) . (11)
Configurations of dx,ν can be generated using heatbath updates. There are two possible updates,
adding and removing a dimer. The determinant of the suggested configuration is calculated and the
new configuration is accepted with the probability min(|Z([d′])/Z([d])| , 1), where Z([d′]) is the parti-
tion function of the new configuration. If negative weights are encountered, the observables must be
reweighed to the actual probability density
〈O〉 =
∑
[d] sign (Z([d])) O∑
[d] sign (Z([d]))
. (12)
In order to measure the severity of the sign problem at nonzero chemical potential, we measure
the average sign of the partition function. The results are shown in Figure 2 in the left panel. The right
panel shows the average sign in the auxiliary field representation for comparison. In both cases we
use both periodic and anti-periodic boundary conditions in spatial directions and LX = 6 and LT = 48.
In the fermion bag model we use the coupling U = 0.3 and in the auxiliary field model we use the
comparable g = 1.05. The temporal boundary condition are always anti-periodic.
The sign problem is mild with periodic boundary conditions. The average sign differs from 1
around two values of the chemical potential, µ = 0.4 and µ = 1. With anti-periodic boundary con-
ditions, the sign problem is severe in a wider region between µ = 0.4 and µ = 0.9. It can still be
overcome using large statistics in these small volumes.
In a finite volume system the energy levels of possible states are quantized. As the chemical
potential is increased the fermion number increases in a step like fashion as the chemical potential
exceeds these energy levels. An adequate solution to the sign problem should reproduce this behavior.
In Figure 3 we show the fermion number
〈
N f
〉
=
〈∑
x∈S
ηx,α
2
[
eµψ¯xψx+α − e
−µψ¯x+αψ
]〉
(13)
0 0.2 0.4 0.6 0.8 1
µ
0
0.2
0.4
0.6
0.8
1
<
sig
n>
Anti-periodic
Periodic
0 0.2 0.4 0.6 0.8 1
µ
0
0.2
0.4
0.6
0.8
<
sig
n>
Anti-periodic
Periodic
Figure 2. The average sign with LX = 6 and LT = 48 with periodic and anti-periodic boundary conditions. Left:
Using the fermion bag algorithm with U = 0.3. Right: Using the auxiliary field representation with g = 1.05.
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Figure 3. The fermion number
〈
N f
〉
with LX = 6 and LT = 48. The solid lines shows the values at U = 0 and
the circles at U = 0.3.
As a function of the chemical potential. The step-like behavior is reproduced in both cases and we
find a shift in the energy of the lowest state due to the interaction term, consistent with a dynamically
generated mass. In the anti-periodic case we find a region of non-trivial behavior corresponding to
the region of small average sign. We also notice that the regions with average sign different from 1
correspond to the jumps in the fermion number in both cases.
Figure 4. Two deformations that allow the enumeration of all loops. Deformation (a) on the left on the left does
not change the sign of the enclosed volume. Deformation (b) on the right on the right changes both the sign and
the enclosed volume.
2.2 World Line Representation
The sign problem is notably absent when the spatial boundary conditions are open,
χ¯x=−1 = χx=−1 = χ¯x=Nx = χx=Nx = 0, (14)
and the temporal boundary conditions are anti-periodic. This result can be shown exactly using a
world line representation of the partition function. The method also allows a fast worm algorithm for
producing fermion bag configurations.
The world line representation is an expansion of the exponential form of the fermion determinant
det (W([ f ], µ)) =
∏
x∈[ f ]
(∫
dχ¯xdχx
)
× e
−
∑
x∈[ f ]
(
1
2
ηx,νe
µδν,0 χ¯xχx+ν−
1
2
η
†
x,νe
−µδν,0 χ¯x+νχx
)
(15)
=
∏
x∈[ f ]
(∫
dχ¯xdχx
) ∏
x,x+ν∈[ f ]
(
1 −
1
2
ηx,νe
µδν,0 χ¯xχx+ν +
1
2
η†x,νe
−µδν,0 χ¯x+νχx
)
(16)
=
∑
[l]
∏
loop∈[l]
−
∏
lx,α∈loop
elx,αµδα,0
lx,αηx,α
2
 , (17)
where lx,α = 0,±1 are new directed link variables, with lx,α = +1 representing a term with χ¯xχx+ν
and lx,α = −1 a term with χ¯x+νχx. Since the Grassmann integral is only nonzero if we have exactly
one instance of χ¯x and χx at all sites, the links must form closed loops and cannot overlap. In the last
step we performed the Grassmann integral over all fermion fields and arranged the sum over the link
variables into loops.
The weight of a configuration is then a product of the weights of the loops in the configuration and
the weights of the dimers. We will show that all allowed loops have positive weight given open bound-
ary conditions. Consider first loops that do not wrap around the time direction. We can enumerate all
such loops by starting from a simple loop and using the two deformations shown in Figure 4.
Deformation (a) replaces a link with a staple or a staple with a link and does not change the sign
of the loop. Deformation (b) replaces a corner with an inverted corner and does change the sign of the
loop. It also also changes the volume enclosed by one. Repeating these two step we find that all loops
that enclose an even number of sites have the same sign. Since the simple two-site loop has a positive
sign, any loop that encloses an even volume also has a positive sign. Since odd volumes cannot be
filled with dimers or loops, only even volumes are allowed.
Figure 5. An example of the worm update for generating world line and fermion bag configurations. The fermion
links are shown as black arrows. The red arrow marks the extra arrow pointing at the head of the worm. In the
first step, one of the arrows is pointed to a new direction, creating a defect. In the second step, the extra arrow is
randomly pointed to a new direction. The worm closes when the new link points to the starting site and no defect
is created. The last two configurations demonstrate adding or removing a dimer using a heatbath step.
The same argument applies for time wrapping loops that wrap around the time direction. These
loops split the lattice into two volumes, one on each side. Starting from a loop pointing directly up or
directly down, we can enumerate all other loops. The weight of this starting loop is positive and since
only even volumes are allowed, the weights of all allowed loops are positive. The argument does not
apply if a mass term in included in the action or when the spatial boundary conditions are periodic or
anti-periodic. In these cases it is trivial to construct allowed loops with a negative weight.
Since all possible configurations of loops have positive weight, it is straightforward to generate
configurationswithin the world line representation using a worm update. The update begins by chang-
ing a random link from lx,α to lx,α′ with the probability
P = min
(
1, elx,α′µδα′ ,0−lx,αµδα,0
)
. (18)
If accepted, the update creates two defects. There is now a site with no link pointing to it and a site
with two links pointing to it. The first is the tail and the second the head of the worm. The new link is
kept and a new direction is suggested for the old link pointing at the head. With this update the head
propagates to a new site. The process is repeated until a link pointing at the tail is accepted.
The set of dimers may be updated using a simple heatbath step. Loops consisting of two site
can be turned into dimers with the probability min (1, 4U) and dimers into loops with the probability
min (1, 1/4U). An example of the worm update is shown in Figure 5.
It is now straightforward to produce data even on large lattices. As before, we reproduce the
step-like behavior of the fermion number on finite lattices. The fermion number in the world line
formalism is simply
〈
N f
〉
=
〈∑
x∈S
lx,tˆ − lx+tˆ,−tˆ
〉
(19)
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Figure 6. Fermion number at U = 0.3 and LX = 12 (left) and 32 (right)
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Figure 7. Left: The fermion number density of square lattices. The dashed line shows a fit to the linear prediction
at infinite volume. Right: A comparison of the fermion mass and the expected asymptotic scaling.
Figure 6 shows the fermion number at U = 0.3 with several lattice sizes up to LX = 32 and LT = 256.
The step-like behavior of the fermion number is clearly visible. At nonzero coupling U, the steps are
shifted to a larger µ, providing evidence of the dynamically generated fermion mass.
The model is asymptotically free and at small U, in the continuum limit, it should be possible to
connect with perturbation theory. This requires large lattice sizes to reduce finite volume effects. At
infinite volume but small coupling U, the fermion mass scales as
m f = ce
−2π
b0U , (20)
where b0 is the one-loop coefficient of the β-function.
We measure the fermion mass using large square lattices at small U. In this case the fermion
number density 〈n〉 =
〈
N f
〉
/L increases linearly with the chemical potential
〈n〉 = max
(
0, c
(
µ − m f
))
. (21)
We showmeasurements of the fermion number density at U = 0.3 in Figure 7 on the left. The fermion
mass is m f ≈ 0.2 in this case. On the right in Figure 7 we show the fermion mass at small coupling
and large lattice size, up to L = 1024, together with the asymptotic scaling with b0 = 16 and c = 0.49.
We find qualitative agreement with the perturbative expectation.
3 Conclusions
We study the massless 1+1 dimensional lattice Thirring model with finite chemical potential using the
fermion bag formulation. With periodic and anti-periodic boundary conditions we find a milder sign
problem than in the auxiliary field formalism. We are able extract accurate measurements with small
lattice sizes.
We show that the sign problem is removed with open boundary conditions in the spatial direction
using a world line formalism. The world line expansion naturally leads to an efficient worm update
for generating fermion bag configurations and allows accurate measurements with very large lattice
sizes. We then study the model at multiple lattice sizes, robustly reproducing the step-like behavior of
the fermion number and showing that a fermion mass is generated dynamically by the interaction. At
small coupling and large lattice size we find a qualitative match to the expected asymptotic behavior
of the fermion mass.
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